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Abstract
The graph of [ j] against j displays self matching in that if we displace this graph by a
distance of Fi, then it is found that the displaced graph matches the original graph except at
certain isolated points represented by an interesting Fibonacci function. From this it is shown
that the frequency of mismatches is the unexpectedly simple expression 1=(i). The results are
proved using lemmas, based on Zeckendorf sums, which have an appeal of their own. These
also give simpli0ed solutions to the recurrence of Downey and Griswold. Similar results apply
with the Golden Sequence whose jth term is [(j + 1)] − [j]. c© 2001 Elsevier Science B.V.
All rights reserved.
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1. Introduction
Consider the graph of the integer parts of multiples for the irrational =(
√
5−1)=2,
that is the graph of [j] against j. It can be readily seen that this graph exhibits much
self similarity in that the shapes of various parts match the beginning.
If h= j+Fi (where Fi is a Fibonacci number de0ned below) then it will be shown
that [h] = [ j]+Fi−1, except at isolated mismatch points de0ned by ui;k = kFi+1+[k]Fi
(as is shown in Theorem 1).
Furthermore, the di;erences 
k = [(k + 1)]− [k] will also have corresponding self
similarity properties. (The properties of such di;erence sequences together with re-
cursive methods for their rapid generation are described in the Teaching Module by
Nillsen et al. [13].)
Finally in Theorem 2, we develop a simple expression for the function gk(j), which
Downey and Griswold [5] have shown to be the solution to the family of nested
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recurrences,
gk(j)=

 j − gk(gk(j − k)); j¿ 1;
0; j6 0:
(1)
In particular they show that g1(j)= [(j + 1)].
2. Notation and preliminaries
We de0ne
(a) 
k = [(k +1)]− [k]; =(
√
5− 1)=2; k¿0. It is noted that 
k takes on only the
values zero or unity.
(b) golden sequence. Form the sequence whose kth term is 
k . If unity is replaced by
a and zero by b then this sequence becomes the golden sequence, the 0rst few
terms of which are abaababaabaab : : : .
(c) Fibonacci numbers are as usual de0ned by Fn+1 =Fn + Fn−1; n¿ 1 with F0 = 0;
F1 = 1.
(d) the i-match function Xi(j)= [(j+Fi)]− [j]−Fi−1; j¿ 1. Xi(j)= 0 only where
the translated sequence, whose jth term is [(j+Fi)]−Fi−1, matches the original
sequence whose jth term is [j]. Thus the sequence {X4(j)}, is
0; 0; 0; 0;−1; 0; 0; 0; 0; 0; 0; 0;−1; 0; 0; 0; 0;−1; 0; : : :
(e) an i-mismatch point is a point p such that Xi(p) =0.
(f) ui;k = kFi+1 + [k]Fi; i;k = ui;k+1 − ui;k . With k 0xed and i varying ui;k and i;k
each satisfy the Fibonacci relationship. It is seen that
i;k =Fi+1 + 
kFi
from which it follows that, beginning from the 0rst mismatch point, the sequence
{i;k}; k =1; 2; 3; : : : becomes a golden sequence when Fi+1 is replaced by b and
Fi+2 is replaced by a.
The structure of such sequences or ‘words’ has a considerable literature; see for
example Berstel and Seebold [1], Mignosi [12] and Seebold [15] and the references
quoted in these papers.
We will show, in Theorem 1, that ui;k represents the kth i-mismatch point in
which case i;k is the distance between the kth and (k +1)th i-mismatch points.
3. Lemmas
Lemma 1. Xi(j)= 0; 16 j6Fi+1 − 1.
Proof. See Fraenkel et al. (Lemma 2) [7].
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Lemma 2.
[Fi] =Fi−1 +
[
0; i odd;
−1; i even:
Proof. The result holds for i=1 (with F0 = 0). For i¿ 2, from the Binet formula,
Fi=Fi−1 − (−)i. Noting that ()i ¡ 1=2 for i¿ 2 the result follows.
Note that this implies that
Xi(0)=
[
0; i odd;
−1; i even:
Lemma 3. If i¿ 1; n¿ 2 and Fn¿Fi; then
Xi(Fn)=
[
0; i + n even;
(−1)i+1; i + n odd:
Proof. If Fn¿Fi and i¿ 1; n¿ 2 then Fi6Fn+1 − 1. So by Lemma 1,
Xn(Fi)= [(Fi + Fn)]− [Fi]− Fn−1 = 0:
Thus by Lemma 2,
[(Fi + Fn)] =Fn−1 + [Fi] =
[
Fn−1 + Fi−1; i odd;
Fn−1 + Fi−1 − 1; i even;
and
[Fn] =
[
Fn−1; n odd;
Fn−1 − 1; n even:
Hence
Xi(Fn) = [(Fn + Fi)]− [Fn]− Fi−1
=


0; i and n both odd or both even;
1; i odd and n even;
−1; i even and n odd:
Corollary A.
Xi(Fi+1)= (−1)i+1:
At this stage we have the values of Xi(j) in the particular cases where 06 j6Fi+1;
j=Fn¿Fi+2. In order to proceed to the case for arbitrary j¿Fi+1, we introduce the
minimal Zeckendorf representation of j.
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4. Zeckendorf representations
Any positive integer j can be written as a sum of distinct Fibonacci numbers∑h
t=1 Fnt where nk+1¡nk . If nk − nk+1¿ 2 for 16 k6 h− 1 and nh¿ 2. Then this
is called the minimal Zeckendorf representation of j. This representation exists and is
unique for all j (see, [11,3]). Zeckendorf’s work on the sums that now bear his name
goes back to 1939, as he reports in [17], although the 0rst published account seems
to be [11]; Zeckendorf sums continue to attract attention, as a topic for research, see
for example, [2,6,9]: and they are mentioned in textbooks, such as [8]. (For a short
biography of Zeckendorf see [10].) Daykin [4] has shown that the set of Fibonacci
numbers is the only set of natural numbers in terms of which all natural numbers can
be represented uniquely in the way given above. The 0rst author has shown recently
that all natural numbers can be represented as a sum of Gn’s, where the sequence
G1; G2; : : : can be associated with a certain irrational number, in the way the Fibonacci
numbers are associated with . The coeLcients of the Gns, this time however need not
be 1s. It is not yet clear whether all the results in this paper can be generalised to
irrationals other than .
For each k¿ 0; the nk+1 in the minimal Zeckendorf representation is the largest
natural number n such that Fn6 j −
∑k
t=1 Fnt .
Lemma 4. If
∑h
k=1 Fnk is a minimal Zeckendorf expansion of j then
h∑
k=1
Fnk ¡Fn1+1:
Proof.
h∑
k=1
Fnk 6Fn1 + Fn1−2 + Fn1−4 + · · ·+ (F2 or F3)=Fn1+1 − 1:
If now j¿Fi+1 and
∑h
k=1 Fnk is its minimal Zeckendorf expansion then Fn1+1¿
Fi+1 +1 and so Fn1¿Fi. Thus either Fnm+16Fi ¡Fnm for some m (16m6 h−1) or
F26Fi ¡Fnh .
Lemmas 5 and 6 consider these two cases.
Lemma 5. Let
∑h
k=1 Fnk be the minimal Zeckendorf representation of j. If j¿Fi+1
and h¿ 2 then
Xi(j)=Xi(j − Fn1 ):
Proof. Since j¿Fi+1; n1¿ i+1 and so Fn1¿Fi+1¿Fi: If Fn1 =Fi; Fi+1 =Fi and so
i=1 and j=1, which contradicts j¿Fi+1; so Fn1¿Fi.
Therefore, 0¡Fi + j − Fn1 ¡j¡Fn1+1 by Lemma 4.
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Therefore, by Lemma 1,
[(Fi + j)] = [(Fn1 + Fi + j − Fn1 )]
= Fn1−1 + [(Fi + j − Fn1 )]:
Also 0¡j − Fn1 ¡Fn1+1, so by Lemma 1,
[j] = [(Fn1 + (j − Fn1 ))]
= Fn1−1 + [(j − Fn1 )]:
Therefore
Xi(j) = [(Fi + j)]− [j]− Fi−1
= [(Fi + j − Fn1 )]− [(j − Fn1 )]− Fi−1
= Xi(j − Fn1 ):
Lemma 6. Let
∑h
k=1 Fnk be the minimal Zeckendorf representation of j and let
j¿Fi+1.
Then Xi(j)= 0 except when Fi ¡Fnh and i + nh is odd; or if i=1 and nh=2; in
which case
Xi(j)= (−1)i+1:
Proof. Case 1: For some s; Fns+16Fi ¡Fns (s6 h− 1):
In this case j − Fn1 − · · · − Fns−1 =Fns + · · · + Fnh¿Fns¿Fi+1. We can therefore
apply Lemma 5 s times to give
Xi(j)=Xi(j − Fn1 − · · · − Fns):
Now j−Fn1−· · · Fns =Fns+1+· · ·+Fnh ¡Fns+1+16Fi+1; unless i=1 and nh= ns+1 =2.
If the inequality holds, by Lemma 1, Xi(j)= 0:
If i=1 and nh= ns+1 =2,
Xi(j − Fn1 − · · · − Fns)=Xi(nh)
so by Lemma 3 X1(j)= 1, as required.
Case 2: Fi ¡Fnh .
In this case Fi+16Fnh ¡ j and so we can repeat the above procedure to give
Xi(j)=Xi(Fnh):
The result then follows by Lemma 3.
It follows from Lemmas 1 and 6.
Lemma 7. If
∑h
k=1 Fnk is a minimal Zeckendorf representation of j then j is a
mismatch point; that is Xi(j) =0; if and only if i + nh is odd and 16 i¡nh.
The following is a well known relationship.
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Lemma 8.
FnFi + Fn−1Fi−1 =Fn+i−1:
Lemma 9. If k =
∑h
t=1 Fnt is a minimal Zeckendorf representation then
[k] =
h∑
t=1
Fnt−1 −
[
0; nh odd;
1; nh even:
Proof. By Lemmas 1 and 4 with i= n1,
[k] =Fn1−1 +
[

h∑
t=2
Fnt
]
:
Repeated application of Lemmas 1 and 4 gives
[k] =
h−1∑
t=1
Fnt + [Fnh]
=
h∑
t=1
Fnt−1 −
[
0; nh odd;
1; nh even;
by Lemma 2.
Lemma 10. If
∑h
t=1 Fnt is a minimal Zeckendorf representation of k there is a cor-
responding minimal Zeckendorf representation of ui;k given by
ui;k =


h∑
t=1
Fnt+i ; nh odd;
h−1∑
t=1
Fnt+i +
nh=2∑
t=1
Fi+2t−1; nh even:
Proof. By Lemma 9
ui;k =
h∑
t=1
(FntFi+1 + Fnt−1Fi)−
[
0; nh odd;
Fi; nh even;
=
h∑
t=1
Fnt+i −
[
0; nh odd;
Fi; nh even:
by Lemma 8.
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This sum is clearly a minimal Zeckendorf representation if nh is odd. Now Fnh+i =
Fnh+i−1 + Fnh+i−3 + · · ·+ Fi+5 + Fi+3 + Fi+1 + Fi, if nh is even.
So if nh is even
ui;k =
h−1∑
t=1
Fnt+i +
nh=2∑
t=1
Fi+2t−1:
5. Matching and mismatch points
We are now in a position to establish Theorem 1 which determines the matching
and mismatch points for arbitrary j¿0.
Theorem 1.
(a) For all positive i; j and k if ui;k ¡ j¡ui;k+1 or j¡ui;1 then Xi(j)= 0.
(b) Xi(ui;k)= (−1)i+1.
Proof.
(a) This will follow if we can show that every i-mismatch point j is equal to ui;k for
some k.
Let
∑h
t=1 Fnt be a minimal Zeckendorf representation for an i-mismatch point j. By
Lemma 7, i + nh is odd and 16 i¡nh.
Let
k =
h∑
t=1
Fnt−i :
If nh− i¿1 this sum is a minimal Zeckendorf representation of k and as nh− i is odd
j= ui;k by Lemma 10.
If nh − i=1, then k can be written as
k =
q∑
t=1
Fnt−i + F2r−1 + : : :+ F3 + F1;
where q¿ 0; nq − i¿2r + 1; h= q + r; nh−1 − i=3; : : : ; and nh−r+1 − i=2r − 1.
Then
∑q
t=1 Fnt−i + F2r is a minimal Zeckendorf representation of k and
ui;k =
q∑
t=1
Fnt +
r∑
t=1
Fi+2t−1
=
q∑
t=1
Fnt + Fi+2r−1 + Fi+2r−3 + · · ·+ Fi+1
= j:
Thus every i-mismatch point is ui;k for some k.
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(b) Let
∑h
t=1 Fnt be a minimal Zeckendorf representation of k.
Then by Lemma 10,
ui;k =


h∑
t=1
Fnt+i ; nh odd;
h−1∑
t=1
Fnt+i +
nh=2∑
t=1
Fi+2t−1; nh even:
If nh is odd so is 2i + nh and so by Lemma 6, as Fi ¡Fnh+i
Xi(ui;k)= (−1)i+1:
If nh is even and nh¿2 or i¿1; 2i + nh − 1 is odd and by Lemma 6, as
Fi ¡Fi+nh−1,
Xi(ui;k)= (−1)i+1:
If, however, nh=2 and i=1, by Lemma 10,
ui;k =
h−1∑
t=1
Fnt+1 + F2
and
ui;k + Fi =
h∑
t=1
Fnt+1;
which are in minimal Zeckendorf form.
Hence, as Fi−1 = 0, by Lemma 9,
Xi(ui;k) =
h∑
t=1
Fnt −
(
h−1∑
t=1
Fnt + F1 − 1
)
= 1= (−1)i+1:
Notes on Theorem 1.
(i) We note from (a) that only ui;k can be an i-mismatch point, whereas (b) shows
that all ui;k are i-mismatch points.
(ii) The recurrence relation Xi+1(j)=Xi(j)+Xi−1(j+Fi) follows from the de0nition
of Xi(j). Hence from Theorem 1, we have the recurrences,
Xi+1(j)=
[
Xi(j) + (−1)i ; j= ui−1; k − Fi;
Xi(j); otherwise:
(iii) In terms of the function H , where H (j)= [(j+1)], Theorem 1 is equivalent to,
H (j + Fi)=
[
H (j) + Fi−1; ui; k6 j6 ui;k+1 − 2 or j¡ui;1 − 1;
H (j) + Fi−1 + (−1)i+1; j= ui;k − 1:
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In the case where i=1 this becomes
H (j + 1)=
[
H (j); u1; k6 j6 u1; k+1 − 2;
H (j) + 1; j= u1; k − 1;
(2)
which is exactly Theorem 2 of Downey and Griswold [5] where they show
that {u1; k}; k =1; 2; 3; : : : is the Beatty Sequence B+1 = {[j(+1)]}=
{1; 3; 4; 6; 8; 9; 11; 12; 14; 16; : : :}.
For more on Beatty sequences, see [16]. For a previous use of Zeckendorf
expansions and sequences {[j!]}, with ! irrational, see Porta and Stolarsky [14].
The following lemma extends the last part of (2) to the case where j= ui;k − 1.
Lemma 11.
(a)
H (ui;k − 1)= [ui;k] =
[
ui−1; k − 1; i odd;
ui−1; k ; i even:
(b)
H (ui;k)= ui−1; k :
Proof.
(a) If
∑h
t=1 Fnt is a minimal Zeckendorf representation of k then,
(i) if nh is odd then by Lemma 10, we have the minimal representation
ui;k =
h∑
t=1
Fnt+i ;
and by Lemma 9,
[ui;k] =
h∑
t=1
Fnt+i−1 +
[
0; i even;
−1; i odd;
=
[
ui−1; k ; i even;
ui−1; k − 1; i odd:
(ii) if nh is even then by Lemma 10, we have the minimal representation
ui;k =
h−1∑
t=1
Fnt+i +
nh=2∑
t=1
Fi+2t−1
and by Lemma 9,
[ui;k] =
h−1∑
t=1
Fnt+i−1 +
nh=2∑
t=1
Fi+2t−2 +
[
0; i even;
−1; i odd;
=
[
ui−1; k ; i even;
ui−1; k − 1; i odd:
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(b) As g1(j)=H (j), we have, by (1) and Lemma 11(a) for i odd,
H (ui;k) = ui;k − H (H (ui;k − 1))
= ui;k − H (ui−1; k − 1)
= ui;k − ui−2; k
= ui−1; k for i¿ 2 (3)
as ui;k satis0es the Fibonacci relationship.
By (2) and Lemma 11(a)
H (u1; k) =H (u1; k − 1) + 1
= u0; k :
If i is even then by Lemma 11(a) and (3)
H (ui;k) = ui;k − H (ui−1; k)
= ui;k − ui−2; k
= ui−1; k for i¿ 2:
6. The mean length of runs between mismatches
From Theorem 1, we know that i;k represents the distance between the kth and
(k+1)th i-mismatch points. Hence, the full sequence of distances between i-mismatch
points is i;1; i;2; i;3; : : : . From the de0nition in Section 2(a), it is seen that the mean
of

k = lim
n→∞
(∑n
k=1 
k
n
)
= :
In a similar fashion, we de0ne Ei to be the mean of i;k of Section 2(f) by
Ei = lim
n→∞
(∑n
k=1 i;k
n
)
where i¿ 0:
Taking the means of each term in i;k =Fi+1 + 
kFi, it follows that
Ei =Fi+1 + Fi = −i :
Hence, the frequency of mismatches is 1=Ei = i. Similarly, the frequency of matches
is (Ei − 1)=Ei =1 − i. Thus, for example, if we compare the sequence for [j] with
the sequence beginning at term 55 (a displacement of F10), we can see a very close
resemblance: almost 99.2% of a long stretch of the sequence will match.
M. Bunder, K. Tognetti / Discrete Mathematics 241 (2001) 139–151 149
7. The Downey–Griswold functions gk(j)
We now develop a simple representation in terms of the function H for the functions
gk(j) in the recurrence (1). Downey and Griswold [5] have shown that
gk(j)=
k−1∑
i=0
[

[
j + i
k
]
+ 
]
for j¿ 0: (4)
Theorem 2. If j= qk + r; 06 r ¡k; then
(a) gk(j)= r + kH (q); if q+ 1∈B+1.
(b) gk(j)= kH (q); if q+ 1 ∈ B+1.
Proof. From (4)
gk(j)=
k−1∑
i=0
H
([
j + i
k
])
:
If
i¡ k − r;
[
j + i
k
]
=
[
q+
r + i
k
]
= q
and so for
k − r6 i¡ k;
[
j + i
k
]
= q+ 1;
and
gk(j) =
k−r−1∑
i=0
H (q) +
k−1∑
i=k−r
H (q+ 1)
= (k − r)H (q) + rH (q+ 1)
= r(H (q+ 1)− H (q)) + kH (q):
As u1; k = k + [k] each u1; k+1 is at most 2 more than u1; k , hence each q+ 1∈B+1 is
equal to a u1; k for some k and each q+ 1 ∈ B+1, equals a u1; k − 1 for some k so
(a) If q+ 1∈B+1 then by (2), H (q+ 1)− H (q)= 1 and so gk(j)= r + kH (q).
(b) If q+ 1 ∈ B+1 then by (2), H (q+ 1)− H (q)= 0 and so gk(j)= kH (q).
8. On the self similarity of the golden sequence
By considering the same displacement Fi as in the introduction applied to the se-
quence with terms 
j, it can be readily demonstrated that the new displaced sequence
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again matches the original sequence term by term; but now the mismatches occur in
pairs. It can be readily shown that

Fi+j − 
j = 0; ui; k + 16 j6 ui;k+1 − 2
= (−1)i+1; j= ui;k − 1
= (−1)i ; j= ui;k ;
so that we have runs of matches separated by mismatch pairs of value −1 and 1.
Consider the length of runs between the second term in a pair of mismatch terms and
next such term. Then from the above we again have that the length of runs between
the kth and (k+1)th such terms is i;k . Hence, beginning with the 0rst mismatch pair,
the sequence of length of runs for a 0xed i and k =1; 2; : : : again becomes a golden
sequence if we replace Fi+2 by a and Fi+1 is replaced by b. Noting that the number of
matches in the kth run is i;k−2 it easily follows that the mean value of the frequency
of matches, with a displacement of Fi, now becomes 1− 2i.
9. Acknowledgements and extensions
Our initial motivation for this paper came from a talk by Dr. P. A. B. Pleasants
on 0ve-fold symmetry in which, by moving one slide over a copy, he demonstrated
that, for displacements of the golden sequence, the most matchings could be ob-
served whenever the displacement was a Fibonacci number. We are most grateful to
Dr. Pleasants for this inspiring demonstration, as well as for helpful discussions of our
e;orts reported here.
We have also bene0ted from the critical comments of a team of readers. Clearly,
many approaches can be taken: for example, one point of entry might be via the golden
sequence, while another might start from Beatty’s theorem (see, [16]). A further line
of attack might be to press further with continued fractions and Diophantine approxi-
mation (cf. [7]). Our preference is for the route adopted here because the proofs are
comparatively simple and, as one reader put it, some of the results, notably those re-
lating to Zeckendorf sums, have an aesthetic appeal of their own. Indeed, it was this
latter consideration that made us feel that this paper might be suitable for a volume in
honour of Helge Tverberg.
A further interesting treatment is more geometrical in spirit, representing a translation
from [j] to [(j + Fn)] by applying a matrix tranformation An to the point (j; [j]),
where A is some 2×2 integer matrix. The suggestion here is that a more general form of
the matrix A might allow  to be replaced in our work by an arbitrary irrational number
! satisfying !2 +m!± 1=0, for some integer m. However, in trying to generalize our
algebraic methods from  to such an !, while we were able to locate a counterpart
to the Fibonacci sequence that ensured that some of our lemmas extended as wished,
we have found no counterpart to the Zeckendorf representation that would allow us to
specify mismatch points.
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